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Exercise 23

(a) Prove the two triple-vector-product identities

(a× b)× c = (a · c)b− (b · c)a

and
a× (b× c) = (a · c)b− (a · b)c.

(b) Prove (u× v)×w = u× (v ×w) if and only if (u×w)× v = 0.

(c) Also prove that (u× v)×w+ (v×w)× u+ (w× u)× v = 0 (called the Jacobi identity).

Solution

Part (a)

Let a = (ax, ay, az) and b = (bx, by, bz) and c = (cx, cy, cz).

(a× b)× c =

∣∣∣∣∣∣
x̂ ŷ ẑ
ax ay az
bx by bz

∣∣∣∣∣∣× c

= [(aybz − azby)x̂− (axbz − azbx)ŷ + (axby − aybx)ẑ]× c

=

∣∣∣∣∣∣
x̂ ŷ ẑ

aybz − azby azbx − axbz axby − aybx
cx cy cz

∣∣∣∣∣∣
= [(azbx − axbz)cz − (axby − aybx)cy]x̂− [(aybz − azby)cz − (axby − aybx)cx]ŷ

+ [(aybz − azby)cy − (azbx − axbz)cx]ẑ

= (bxazcz − axbzcz − axbycy + bxaycy)x̂− (aybzcz − byazcz − byaxcx + aybxcx)ŷ

+ (bzaycy − azbycy − azbxcx + bzaxcx)ẑ

= (bxaxcx + bxaycy + bxazcz − axbxcx − axbycy − axbzcz)x̂

+ (byaxcx + byaycy + byazcz − aybxcx − aybycy − aybzcz)ŷ

+ (bzaxcx + bzaycy + bzazcz − azbxcx − azbycy − azbzcz)ẑ

= [bx(axcx + aycy + azcz)− ax(bxcx + bycy + bzcz)]x̂

+ [by(axcx + aycy + azcz)− ay(bxcx + bycy + bzcz)]ŷ

+ [bz(axcx + aycy + azcz)− az(bxcx + bycy + bzcz)]ẑ

= [bx(a · c)− ax(b · c)]x̂+ [by(a · c)− ay(b · c)]ŷ + [bz(a · c)− az(b · c)]ẑ
= (bx(a · c)− ax(b · c), by(a · c)− ay(b · c), bz(a · c)− az(b · c))
= (bx(a · c), by(a · c), bz(a · c))− (ax(b · c), ay(b · c), az(b · c))
= (a · c)(bx, by, bz)− (b · c)(ax, ay, az)
= (a · c)b− (b · c)a
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a× (b× c) = a×

∣∣∣∣∣∣
x̂ ŷ ẑ
bx by bz
cx cy cz

∣∣∣∣∣∣
= a× [(bycz − bzcy)x̂− (bxcz − bzcx)ŷ + (bxcy − bycx)ẑ]

=

∣∣∣∣∣∣
x̂ ŷ ẑ
ax ay az

bycz − bzcy bzcx − bxcz bxcy − bycx

∣∣∣∣∣∣
= [ay(bxcy − bycx)− az(bzcx − bxcz)]x̂− [ax(bxcy − bycx)− az(bycz − bzcy)]ŷ

+ [ax(bzcx − bxcz)− ay(bycz − bzcy)]ẑ

= (bxaycy − cxayby − cxazbz + bxazcz)x̂+ (byaxcx + byazcz − cyaxbx − cyazbz)ŷ

+ (bzaxcx − czaxbx − czayby + bzaycy)ẑ

= (bxaxcx + bxaycy + bxazcz − cxaxbx − cxayby − cxazbz)x̂

+ (byaxcx + byaycy + byazcz − cyaxbx − cyayby − cyazbz)ŷ

+ (bzaxcx + bzaycy + bzazcz − czaxbx − czayby − czazbz)ẑ

= [bx(axcx + aycy + azcz)− cx(axbx + ayby + azbz)]x̂

+ [by(axcx + aycy + azcz)− cy(axbx + aycby + azbz)]ŷ

+ [bz(axcx + aycy + azcz)− cz(axbx + ayby + azbz)]ẑ

= [bx(a · c)− cx(a · b)]x̂+ [by(a · c)− cy(a · b)]ŷ + [bz(a · c)− cz(a · b)]ẑ
= (bx(a · c)− cx(a · b), by(a · c)− cy(a · b), bz(a · c)− cz(a · b))
= (bx(a · c), by(a · c), bz(a · c))− (cx(a · b), cy(a · b), cz(a · b))
= (a · c)(bx, by, bz)− (a · b)(cx, cy, cz)
= (a · c)b− (a · b)c

Part (b)

Suppose that
(u× v)×w = u× (v ×w).

The aim is to show that (u×w)× v = 0. Use the results from part (a) to write the cross
products as dot products.

(u ·w)v − (v ·w)u = (u ·w)v − (u · v)w

Cancel (u ·w)v from both sides.
−(v ·w)u = −(u · v)w

Bring both terms to the right side.

(v ·w)u− (u · v)w = 0

(u · v)w − (v ·w)u = 0

(u · v)w − (w · v)u = 0

Use the first identity proven in part (a) on the left side.

(u×w)× v = 0
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Suppose now that
(u×w)× v = 0

Use the first identity proven in part (a) on the left side.

(u · v)w − (w · v)u = 0

The dot product is commutative.

(u · v)w − (v ·w)u = 0

Multiply both sides by −1.
(v ·w)u− (u · v)w = 0

Bring the first term to the right side.

−(v ·w)u = −(u · v)w

Add (u ·w)v to both sides.

(u ·w)v − (v ·w)u = (u ·w)v − (u · v)w

Use both results from part (a).

(u× v)×w = u× (v ×w)

Therefore, (u× v)×w = u× (v ×w) if and only if (u×w)× v = 0.

Part (c)

Use the first result from part (a) to simplify the expression.

(u× v)×w + (v ×w)× u+ (w × u)× v = [(u ·w)v − (v ·w)u] + [(v · u)w − (w · u)v] + [(w · v)u− (u · v)w]

Use the fact that the dot product is commutative in the first three terms on the right side.

(u× v)×w + (v ×w)× u+ (w × u)× v = (w · u)v − (w · v)u+ (u · v)w − (w · u)v + (w · v)u− (u · v)w

All the terms cancel as a result.

(u× v)×w + (v ×w)× u+ (w × u)× v = 0
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